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Thib paper consists of a Iwoof thnt siwhtomatfc graphs which ambud on the Klein 
contcact to K, and tiitrs Hadwlger’& ccmjec@tm Is true for ell graphs on the Klein hotttc. 
bottle 
graphs is known ad be a difficult problem [IO], it might be possible trlk chswterize 
&k~~~atk graphs which embed cw .K, To demonstrate that this solit of theorcrn 
is not irnmedSate we note that &, C, v Cs (the join of a 3-cycle mad a !Gcycle), 
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Fig, I , A vertex-criticral tbchramatic grepk cmhcdded an K, 
and ahc! graph shown in Fig, I are vertex critical b-chromatic graphs which embed 
on K. The current cesuH does allow us to conclude (trivially) that every WSJ- 
chromatic graph which embeds on S% contracts to the complete graph on SS 
vcrticm, The analogous theorems for (If($) y lbchromatic graphs on 23% are 
known unless x = - 1 [ 1, 6,3]. 
quorum. If G is 6i-chmmatic and embeds on K, then G contracts to Kb. 
Proof. The proof is by induction on the number of vertices, The result is clearly 
true if 13 has six or FCVU~ vcrticcs. Suppose G is a simple graph which is a 
countercxample to the theorem with the fewest vertices. 
By Euler’s Formula the average degree of G is at most six. Suppose G has a 
vcrtcx X of degree four or less. Set G’ = G - X. If G’ can be S-colored so can G. 
If G’ i$, 6chromatic, then G’ contracts to K, and hence so does G. Suppose G has 
a vertex X of degree five. Either G contains K6 or two of X’s neighbors, say Y 
and 2, are not adjacent. We contract he edges joining Y and 2 with X and call 
the resulting graph G’. If G’ is 5-colorable, then so is G. If G’ is &chromatic, 
then G’ contracts to Kb and hence so does G. 
If G contains no such vertex of small degree. then G is regular of degree six. 
Suppose X is a vertex of G with neighbors Y, 2, and W no two of which are 
joined by an edge. Form G’ by identifying X, Y7 2, and W as one vertex, say X’. 
If G’ is S-colored transfer the coloring to G assigning Y, 2, and W the color 
assigned to X’ in G’. Since at most fsuir colors are used on the neighbors of X, G 
can be kolored. If G’ is &chromatic, then G’ contracts to K6 and hence so does 
G. 
The immediately preceding argmnent inspires the following definition. A vertex 
of degree six is said to be tripled if no three of its neighbors form an independent 
set. Ttru~ what we have proved so far is that a smallest counterexample to the 
Theoreln must be a graph which is regular of degree six all of whose vertices are 
triple& We provide an example of such a graph (which is S-chromatic) in Fig. 2. 
Fig. 2 
The remainder of this paper will be devoted to proving that a graph which is 
regular of degree six, is embedded on K, and has every vertex tripled is 
Scolorable. 
It is conceivable that every graph which is regular of degree six and embedded 
on K is Scolorable. In comparison we note that there is exactly one toroidal 
6-chromatic graph which is regular of degree six [2] and that graph does not 
embed on K. 
We close the introduction by remarking that the proof presented here can be 
modified to work for 6-chromatic toroidal graphs providing a simpler argument 
than the one in [2]. 
2. Topology 
Suppose C is a simple cycle in a graph embedded on K. C is said to be 
contractible (resp. non-contractible or n.c.j provided ic is (resp. is not) homotopic 
to a point. If C is an n.c. cycle which does not separate K, then K - C might be a 
subset of the plane in which case C is said to be of the first type, or K -C might 
be a subset of the projective plane (but not the plane) in which case C is said to 
be of the secorack type. If C does separate K and is n.c., then K - C consists of 
subsets of two disjoint projective planes in which case C is said to be of the 6:sird 
types Examples of these three types of n.c. cycles are shown in Fig. 3. Every 
simple cycle on K is either contractible or of the first, second, or third type. 
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If G is a triangulation of K we define the planar width of G, denoted by 
W,(G), to be the iength of rhe shortest cycle of the first type and the projective 
width of G, denoted by W,(G), to be the length of the shortest cycle of the 
second type. We then say that G has widths (‘VVl(Gj, W,(G)). That such a pair 0: 
integers can be assigned to every triangulation of K fol!ows from the standard 
decomposition theorem [ 12, p. 631. In particular we can assign widths to each 
graph on K which is regular of degree six. Eurthler in such a graph we associate a 
degree sequence with C’, a cycle of the first or second type, as follows. We cut K 
along C. If C is of the first type we sew in two discs keeping a copy of C on each 
bcundary. If C is of the second type we sew in one disc keeping a double copy of 
C along the boundary; that is if C is a k-cycle in K, it will be a 2k-cycle in the 
newly constructed graph. In either case we produce a new graph denoted by 
G(C). If C is of the first type G(C) will be embedded in the plane; if C is of the 
second type G(C) will be embedded in the projective plane. Suppose one copy of 
C is (X,,.. . , Xr, ). The degree se+iencti of C is (d,, . . . , dk) where 
di z (,degree of Xi in G(C))- i (i = 1,2, . . . , k). 
Note that had we used the other copy of C in G(C), we would obtain the 
complemer.?ary degree sequence of C i:amely (4-- d,, . . . ,4 - dk). 
Emma 2.1. if G is a triangulation of my surface, then no contractible 3, 4, or 
S-cycle hounds c; disc conraining uerticex all of degree six or more. 
‘Tht result is a straightforward application of IEuler’s Formula for planar graphs. 
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Corobhy 2.2. If X is a tripled vertex in a graph which is regular of degree six and 
embedded on K, then X and its neighbors induct at least two n.c. 3-cycles. 
We can now outline the remainder of the proof of the Theorem. Recall that we 
assume G is regular of degree six, is embedded on K, and has every vertex 
tripled. 
Corollary 2.2 implies that 6 has lots of n.c. 3-cycles. In Section 3 we consider 
the case when G has an n.c. 3-cycle of the first type and an n.c. 3-cycle of the 
second type. In Section 4 we suppose G has a vertex which induces two n.c. 
3-cycles of the first type. In Section 5 we suppose G has an n.c. 3-cycle of the 
third type. Finally in Section 6 we suppose that every n.c. 3-cycle in G is of the 
second type. In each case we show that G is 5colorable. 
3. Graphs with widths (3,3) 
Proposition 3.1. A graph which is regular of degree six and embedded on K with 
widths (3,3) has at most nine vertices. 
Remark. A stronger version may be true: that a graph which is regular of degree 
six and embedded on K with widths (W,(G), W,(G)) has at most W,(G) 0 W,(G) 
vertices. 
fioof* Let C = (X1, X2, X,) be a 3-cycle of the first type in G. Since C is a 
minimal cycle and G is a simple graph the degree sequence of C is either (2,2,2) 
or (1,3,2) (up to permutation). Since G is a triangulation we find two more 
3-cycles (not necessarily disjoint) associated with C called N,(C) = ( Y1, Y2, Y3) 
and &(C) = (Z,, Z,, 2,) as shown in Fig. 4. 
Case (i). The degree sequence of C is (2,2,2). Note that the vertices 
{ Yi, Zj : i, j = 1,2,3} are all distinct since G is simple. Since the projective width of 
G is three there must be at least one edge joining a Yi with a Zj. Assume Y2 is 
adjacent to 2, (the other cases are identical). If 2, is not adjacent o an as yet 
unlabeled vertex then Z2 is adjacent o Y1 (or Y3). Since G is regular of degree 
six and hence a triangulation Z1 (or 2,) is adjacent to Y2, and 2, (or 2,) is 
adjacent to Y, (or Y& In each of these cases the regions of K induced by these 
nine vertices are bounded by 3, 4, or Scycles. By Lemma 2.1. G cannot contain 
any additional vertices. If .Zz is adjacent to V a previously unlabelled vertex then 
Y2 must also be adjacent to V and one of Z1 or Z3 since G is a triangulation. But 
then Y2 has degree seven. 
Case (ii). The degree sequence of C is (1,3,2). Suppose the vertices 
{ Yi, 21: i, j = 1,2,3) are all distinct. Since the projective width of G is three and G 
contains no multiple edges routine checking shows that 2, must be adjacent o 
Y3. If 2, is also adjacent o Y,, then G is not regular of degree six. If Z3 is also 
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adjacent tl3 Yz, then 2, is adjacent to Y3 and Zr is adjacent to Y2. As in the 
previous case Lemma 2.1 guarantees that there can be no additional vertices. If 
2, is adjacent to V, another vertex, we again conclude G is not regular of degree 
six. Suppose the vertices { Yi, Zj : i, j = 1,2,3} are not ail distinct. Since G has no 
multiple edges 2, and Y1 are distinct from each oE the other vertices. If Z, = Y2, 
then Z, and Y’S must be distinct from the other vertices since G is simple. Since G 
is regular of degree six 2, and ,Z3 are adjacent to Y2, and Y1 is adjacent to both 
Zz and & whence Y, has degree al least seven, If Z1 = Y3 and 2, = Yz, then 
temma 2.1 guarante,, p= G has no more than seven vertices (and hence cannot 
exist). If Z, = Y:, and 2, is distinct from the other vertices, ihen both 2, and 2, 
are adjacent to Y3 whence the (degree of Y3 is st least seven. By symmetry these 
are all the possibilities. 
Cor~ffary 3.2. Sup~use G is a graph whici’3 is regtrllar of degree six and embedded 
on K. If G has widths (3.3), theft G is 5-coEorabr!e. 
Proof. It IS shown in [Z] that a gravh whkh is regular of degree six with at most 
ten vertices is either K, or 5-colcrshle. 
4. some vertex induces two c.61, 3-6. &;b uf the fkst $Ipe 
“WI 4.1. !f G is rquiar of qwe six and embeds on K containing the 
confipu, rinn shown in Fig. 5, nlien C is 5culorabZe. 
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Proof. Set G’ = G -{X, X1, X3, X5, X,, X9, XII}. We select subscripts to suggest 
the clockface position of these vertices. Since G’ is planar pick a 4-coloring of G’. 
Assume that Z1, 2 3, a& 2, arc assigned the colors A, B, and C respectively. 
There are twenty-four possible colorings of Z,, Z,, and Z1,. All but one of these 
4-colorings extend to a S-coloring of G. We enumerate the possibilities in Table 1 
Table 1 
Colors of 
Coloring # 2, 2, Z1, XI x, x5 x7 x9 XII x 
7 
8 
9 
IO 
11 
12 
13 C A B 
14 C A D 
15 C B A 
16 C B L? 
17 CDA 
18 CDB 
19 D A B 
20 DAC 
21 DBA 
22 DBC 
23 D C A 
24 I3 C B 
A B C BDECDEA 
A B D BDEDCEA 
A C B BDECDEA 
A C D BDECBEA 
ADB B D E D E C A 
A D C BDEDBEA 
B A C BDEDEAC 
BAD BDEDEAC 
BCA BDEDECA 
BCD BDEDECA 
BDA BDEDECA 
BDC BDEDEAC 
BDEADEC 
BDEDBEC 
BDEADEC 
BDEDAEC 
BDEDBEA 
BDEDAEC 
CDEBCEA 
BDEABEC 
CDEACEB 
EDBAEBC 
BDEABEC 
does not extend 
8 MO. Albertson, J.P. Hutchinson 
with the color E and one additional color appearing twice each on the neighbors 
cf X. One can see that coloring #24 does not extend by noting that the color E is 
rhe only possible color which can appear twice on X1, X,, X5, X,, X,, and XII. If 
contfronte:d witit this coloring we will use a Kempe argument to change it. First 
note that 2, is nat adjacent to 2,. If it were Z3 and Z5 would s!zr, have to be 
adjatent to 2, (G is a triangulation) and the degree of 2, wUd be more than six. 
Now change the color from A to E of every vertex colored A and adjacent to 2,. 
(There isI at most one such vertex.) This allows A to be assigned to 2, while 
remaining the color of 2,. We have thus changed this coloring of G’ to a coloring 
which readily extends. 
coroaSr)r 4.2. Suppos2 G is a graph which is regular of degree six and embedded 
on K wit/z a tripled vertex. If at least one of the nc. 3-cycles induced by the tripled 
vertex is of the first type, then G is S-colorable. 
ROM. CC;; satisfies either the hypotheses of Proposition 3.1 or Proposition 4.1. 
5. Some vertex indam an n.c. 3-cycle of the t&d type 
Pw~MMo~ 5.1. lf G is regular of degree six and embedded on K containing an 
‘x1,&;. :‘-i ,9 ale of the third type C, then G is S-colorable. 
Proof, Let R, and Rz denote the components of K - C. Set G, (G,) to be the 
subgraph of G induced by the vertices of C together with those contained in 
??,(R,). 13oth G, and G2 can be thought of as triangulations of a projective plane 
(after a disc has been sewn in). Note that all vertices of G, and G2 are of degree 
six excqt for those of C and that the sum of those degrees (degree in Gi) is 12 by 
Euler’s F0rmula. 
WC claim that Gi (i = 1,2) can be 5-colored. If not Gi contains K6 [3]. NO 
vcrtcx of C can be in the K6 contained in Gi because of the degree constraints. 
We think of the embedding of Gi in the projective plane as an embedding of K6 
with additional vertices in the triangular regions determined by the K6. There 
must be additional vertices (to make 6 regular of degree six), but by Lemma 2.1 
they cannot all be of degree six; thus G is not regular of degree six. 
We pick 5-colorings of G, and G, and permute colors (if necessary) so that the 
5-ccilorirtgs agree on C. Thus G is 5-colorable. 
6. Every P.C. 3eycle is of the second type 
Pro~sific~n 6.1. There exists exactly one graph which is regular of degree six, has 
every ntertex tripled, and embeds on K with every n.c. 3-cycle of the second type. 
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Proof. It will be convenient o designate a cycle as forbidden if it is either an n.c. 
3-cycle of the first or third ?ypf or a 3-, 4, 10r 5cycle which bounds a disc 
containing at least one vertex. By hypothesis G has r30 forbidden cycles yet lots of 
n.c. 3-cycles of the second type. If one considers all possible degree sequences for 
such cycles, one always finds a vertex with associated cycle degree 2. Let 
C = (X,, X, X,) be an n.c. 3-cycle of the second type labelled so that X has cycle 
degree 2 (see Fig. 6). 
T 
Fig. 6 
We claim that Xl1 is not adjacent o X,. Suppose it is. Since (X1:, X, X,) is an 
n.c. 3-cycle it must be of the second type. If the edge from X7 to Xl1 is added so 
that (Xll, X, X7) is homotopic to (X,, X, XJ (as ordered cycles), then 
(X,, X1 1, X7, X, X,) is forbidden since it is a 5-cycle vvhich bounds a disc contain- 
ing X5. On the other hand if the edge from X- - _ 1 ic added so that (XII, X, X,) 
is homotopic to (X,, X, X,), then (X,, X,, . *03) is forbidden. Thus Xl1 
cannot be joined to X, without introducing L i Jrhk_ ,. cycle. Similarly X1 is not 
adjacent o X5. 
Since X is tripled and Xl1 is not adjacent o X, we may assume by symmetry 
that X’. 1 is adjacent to X,. Suppose the edge from X3 to Xl1 is added so that 
(X3, F: X1 ,) is homotopic to (X,, X, X,) (see Fig. 7’). Since X is tripled and X1 is 
Fig. 7 
not adjacent o Xs we know that either X1 is adjacent o X, or X5 is adjacent. o 
X9. If X1 is adjar,eili to X,, then (X,, X, X,, X1,, X,) bounds a disc containing 
both X7 and X5. If X5 is adjacent o X9, then (X,, X, X5) is forbidden. Thus we 
may assume that the edge from X, to X1, is added so that (X,, X, XJ is 
homotopic to (X,, X, dXg) (see Fig. 8). Ac before we know that either Xs i 
adjacent o X5 or X, is adjacent o X1. 
If X5 is adjacent o X,, then the edge joining X5 with X, must be added as in 
Fig. 9. Since G is a triangulation either (X9, X,) and (X,, X5) are two edges of a 
triangular egion or X, is adjacent o some vertex say Y which is adjacent c; both 
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X, and Xs. In the former case X, and JC, would have to be joined by a second 
edge. In the latter case (depicted in Fig. ‘IO) (X,, X5) and (X,, X,) must form two 
edges of a triangular region whose third boundary edge would be a second edge 
joining X7 and X5. 
If X,# is adjacent to X, and (X,, X, X9) is homotopic to (X,, X, X,) (see Fig. 
111, then CX,, X, X3, X1 1T X,) bounds a disc containing X7 and X5. Thus we may 
Fig. 10 Fig. 11 
assume that X9 is joined to X, as in Fig. 12. Now X, must be joined to exactly 
one other vertex. If X, ie joined to X, it must be as in Fig. 13. Then since the 
degree of X, is six X5 must be joined to X, producing a multiple edge. Thus X, is 
Fig. 12 Fig. 13 
adjacent to a previously unlabelled vertex say Y as shown in Fig. 14. Similarly we 
may assume that X9 is adjacent to 2 and k‘ is adjacent to X5 and X1, while Z is 
adjacent to X, and X, all as shown in Fig. 14. Now the edge from X5 to X, must 
form one side of a triangular region determined by X5, X, and another vertex say 
W W must be a previously unlabelled vertex as G is regular of degree six. Since 
X7 and X5 are tripled Z and Y must be adjacent to W. The edges from 2 and Y 
to W ca-=lnot be added so that (2, X,, W) or (Y, X5, W) is contractible. Hence the 
edges must be added as in Fig. 15. The cycle (2, W, Y, X1 1, X,) bounds a disc and 
thus cann@ contain any additional vertices. Since the degrees of Xii and X1 must 
be six tfiz above S-cycle must be diagonaked by the addition of edges joining X1 
Hadwiger’s conjecture for graphs on the Klein bottle 
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and X1, with W. Since the degree of W is now six we must add edges joining X, 
with Y and X5 with 2. Finally every vertex has degree six except Y and 2; every 
region is a triangular disc except the reg3on bounded by (2, X,, Y, X5). Thus we 
must add the edge joining 2 and Y. We leave it to the reader to check that Thai 
resulting graph shown in Fig. 2 has every vertex tripled. 
Corollary 6.2. If G is regular of degree six, has erery vertex tripled, and embeds on 
I( with every n.c. 3-cy& of the second type, then G can be S-colored. 
Proof. The graph in Fig. 2 has ten vertices and is thus 5-colorable [2]. 
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